Abstract: A variant of the subdomain Galerkin method has been set up to find numerical solutions of the Burgers' equation. Approximate function consists of the combination of the trigonometric B-splines. Integration of Burgers' equation has been achived by aid of the subdomain Galerkin method based on the trigonometric B-splines as an approximate functions. The resulting first order ordinary differential system has been converted into an iterative algebraic equation by use of the Crank-Nicolson method at successive two time levels. The suggested algorithm is tested on some well-known problems for the Burgers' equation.
Introduction
The Burgers' equation has the form
where ν is the kinematic viscosity coefficient and subscripts x and t denote differentiation with respect to corresponding variables. The boundary and initial conditions will be described in the later sections . This equation, which was first proposed by Bateman [22] , is known as Burgers' equation because of the studies of Burgers [23] . The equation (1) has been used as a model in many engineering, theoretical and environmental sciences such as free turbulence, number theory, gas dynamics, heat con-duction, elasticity, traffic flow and acoustic waves etc. A well-known problem of the Burgers' equation is simulation of both shock waves for small viscosities and travelling wave. Some analytical solutions of the Burgers' equation contain infinite series and these exact solutions are not practical for small viscosities because of showing slow convergence. For this reason many researchers have worked on finding numerical solutions of Eq. (1) [24] [25] [26] [27] [28] [29] , although analytical solutions exist. Spline functions are wished to set up approximate functions for numerical methods. A type of splines known as B-splines is very much in use to have functional approximation of the unknowns in differential equations. Use of the splines in the numerical methods provides the manageable band matrix system for writing computer programs. Various degree B-splines have been used to construct some variant of numerical methods for finding the numerical solutions of the Burgers' equations. Some of these are: Galerkin finite element method [16, 18, 26, 32, 40, 41] , least square method [31] , collocation method [19, 20, 27, 28, 30, 36, 38, 42] , finite difference method [17] , differential quadrature method [33, 35] , method based on the cubic B-spline quasi interpolant [34, 39] , Taylor-Galerkin and Taylor-collocation methods [37] , etc.
The trigonometric B-splines have been used to solve a number of physical problems in science. Schoenberg [1] introduced the trigonometric spline functions for interpolation of the given data, which are piecewise trigonometric polynomials. Later, Lyche and Winther [2] used the trigonometric divided differences to define trigonometric B-splines. It was further shown in [3] that the trigonometric B-splines of odd order form a partition of a constant in the case of equidistant knots and therefore the corresponding trigonometric B-spline curve possesses the convex hull property. Koch [4] used to construct a class of multivariate trigonometric B-splines from the multivariate polynomial ones. There are other papers in which some other properties of the trigonometric B-splines have been studied in the papers [5, [12] [13] [14] [15] . There are few numerical techniques which utilized the trigonometric B-spline for finding the numerical solutions of the differential equations, see references [6] [7] [8] [9] [10] [11] .
In this paper, an approximate solution of the Burgers' equation is obtained. The fully-integration of the equation is achieved by the Crank-Nicolson method in time and by the quadratic trigonometric B-spline subdomain Galerkin method in space. In the following sections, the application of the numerical method is given. The efficiency and the accuracy of the present method are investigated by using two numerical experiments. Finally some remarks will be indicated in the last section.
Description of the numerical method
Let us partition the interval [a, b] at equally distributed N + 1 distinct grid points xm such that a = x 0 < x 1 < x 2 < ... <
On the given grid points and additional fictitious points
outside the interval [a, b] , the quadratic trigonometric B-splines (QTB-splines) basis functions
. . , N are defined as piecewise functions
where
The QTB-splines can be derived from the following iterative formula:
2 ) sin(
starting with the trigonometric B-splines of order 1
(see [2] ). An approximation U N (x, t) to the exact solution u(x, t) can be set up consisting of combination of the QTB-splines as
where δ i (t) are time dependent unknown parameters to be determined. The approximate solution U N over the element [xm , x m+1 ] can be written as
The local coordinate system for the interval [xm , x m+1 ] is defined by hξ = x − xm , 0 ≤ ξ ≤ 1 and the QTB-splines shape functions have expressions over the interval [0, h]
The approximate solution and its first-order derivative at the grid points can be obtained from Eq. (2)
Applying the subdomain Galerkin method to the Eq. (1) with the weight function (8) with m = 0, . . . , N − 1 over the element [a, b] , the weak form is
Over the sample interval [xm , x m+1 ], the Eq. (9) becomes
Integrating leads to
Employing a Crank-Nicolson approach for unknown um at grid points xm, usual finite difference approximation for time derivative of unknown um and using linearization of term u 2 m at time levels n and n + 1 respectively
and substituting them into Eq. (11) and using Eq. (7) leads to the linear recurrence relationship
. By using Dirichlet boundary conditions u(a, t) = α 1 , u(b, t) = α 2 which gives the following equations
we eliminate δ n −1 and δ n N from the system (13), which then becomes the solvable three-band diagonal matrix equation consisting of N equations in N unknown parameters. Thomas algorithm is used to solve this system. After finding the unknowns from the iterative Eq. (13) , approximate solution at the grid points can be found from the Eq. (7) and approximate solution can be determined from the Eq. (4).
To start the iteration with Eq. (13), the initial parameters δ 
Numerical Examples
In this section, we study two examples to check performance of the present method. To assess the accuracy of numerical solutions, difference between analytical and approximate solutions at some selected times is calculated by using the discrete root mean square error norm l 2 and maximum error norm l∞
(a) A shock propagation solution of the Burgers' equation is
where t 0 = exp(1/(8ν)). This solution of the Burgers' equation describes sharp shock with choice of the small ν. The initial shock is obtained from Eq. (15) Amplitude of the shock decreases in time. The accuracy of algorithm for this problem is shown by calculating the l 2 and l∞ error norms. These are documented at some selected times in Table 1 . The results obtained by present scheme can be compared with ones given in the works [17] [18] [19] [20] [21] 26] in the same table 1. From this table we conclude that the proposed algorithm for finding the shock wave solution of the Burgers' equation gives almost the same accuracy with some others.
The error distribution between the analytical and numerical solutions is drawn in Figs. 3 and 4 for ν = 0.005, h = 0.005 and ν = 0.0005, h = 0.001 respectively. In Fig.  3 , the highest error appears about the right hand boundary position. We believe that this error arises due to using the artificial Dirichlet boundary condition u(1, t) = 0 taken for 
where η = α (x − µt − ) ν . α, µ and are constants, which we choose for our experiments α = 0.4, µ = 0.6 and = 0.125 to coincide with the some previous studies. This solution involves a travelling wave and move to the right with speed µ. Initial condition is obtained from Eq. Table 2 with results of the quadratic Bspline Galerkin method [18] , the quartic B-spline collocation method [19] , the quintic B-spline collocation method [20] and the quartic B-spline Galerkin method [21] . 
Conclusion
In this paper, we investigate the efficiency of the QTBspline subdomain Galerkin algorithm for solving the Burgers' equation. Integration of the equation is achieved by the Crank-Nicolson method in time and by the QTB-spline subdomain Galerkin method in space. QTB-spline based method gives accurate and reliable results for solving the Burgers' equation. The efficiency of the method is tested for a shock propagation solution and a travelling solution of the Burgers' equation. Solutions found with the present methods are in good agreement with the results obtained by previous studies. In conclusion, the suggested algorithm has advantages compared with other existing numerical methods for the solution of Burgers' equation, since it has low cost due to leading algebraic equation of having small dimension and is easy to implement.
